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Let X be a metric continuum and let 2x (C(X)) denote the hyperspace of closed subsets 
(subcontinua) of X. Let F,(X) = {{x} 1 XE X}. It is shown that C(X) is a strong deformation 
retract of 2x if and only if X is locally connected and that F,(X) is a strong deformation retract 
of 2x if and only if X is an absolute retract. Some conditions under which F,(X) is a deformation 
retract of 2x and some conditions under which F,(X) is a strong deformation retract of C(X) 
are determined. An example is given of a non-contractible dendroid X with the following 
properties: (i) C(X) is a retract of 2x; ‘. (II) C(X) is not a deformation retract of 2x; (iii) F,(X) 
is a retract of 2x; (iv) F,(X) is not a deformation retract of 2x; (v) F,(X) is a strong deformation 
retract of C(X); (vi) every Whitney map for C(X) is admissible; and (vii) no Whitney map for 
2x is admissible. 
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1. Introduction 
By a continuum we mean a compact connected metric space. If X is a continuum, 
then 2x (respectively, C(X)) denotes the hyperspace of closed subsets (respectively, 
subcontinua) of X, each with the Hausdorff metric. The subspace of 2x consisting 
of all singleton subsets of X is homeomorphic to X and is denoted F,(X). 
Since F,(X) c C(X) = 2x, it is natural to ask when the following statements hold: 
(1) C(X) is a retract of 2x. 
(2) C(X) is a deformation retract of 2x. 
(3) C(X) is a strong deformation retract of 2x. 
(4) F,(X) is a retract of 2x. 
(5) F,(X) is a deformation retract of 2x. 
(6) F,(X) is a strong deformation retract of 2x. 
(7) F,(X) is a retract of C(X). 
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(8) F,(X) is a deformation retract of C(X). 
(9) F,(X) is a strong deformation retract of C(X). 
Obviously, (3)+(2)+(l), (6)=+(5)+(4), (9)-(S)+(7), and, if X is a continuum 
with contractible hyperspaces, then (l)e(2), (4)~(5) and (7)e(8). It is known 
that 2x is contractible if and only if C(X) is contractible [13,3.1] and that if X is 
contractible or if X has the property defined in [ 13,3.2] (in particular, if X is locally 
connected), then each of 2x and C(X) is contractible (see [16,16.8] and [13,3.3 
and 4.11). 
The questions of when (l), (4) and (7) hold have been discussed thoroughly in 
[ 16, Chapter 61. If X is locally connected, then each of 2x and C(X) is an absolute 
retract [19]. Hence (see [16,6.4 and 6.5]), if X is locally connected, then (1) holds 
and each of (4) and (7) is equivalent to the statement that X is an absolute retract. 
If X is not locally connected, then little is known concerning when (1) and (4) 
hold. By [16,4.1], C(X) is always a continuous image of 2x, and by [16,6.9], if 
F,(X) is a continuous image of 2x or of C(X), then X is acyclic and arcwise 
connected. In [lo] (respectively, [ 111) an example is given of a non-locally connected 
continuum X such that (1) holds (respectively, does not hold). It is interesting to 
note that each of these examples is a smooth dendroid. The example in [lo] is also 
the only example of a non-locally connected continuum X for which it has been 
shown that (4) holds. Very recently, Curtis [6] has determined other examples of 
non-locally connected continua for which (1) holds. 
Let Z? = 2x or C(X). A selection on X is a continuous function g: %+ X such 
that for each AE 2 , g(A) E A. Thus, since X and F,(X) are homeomorphic, a 
selection on %’ may be viewed as a special kind of retraction from Z onto F,(X). 
Most of the literature relating to when (7) holds has been concerned with the 
existence of a selection on C(X) (see [16, Chapter 51 for a complete discussion). 
By [ 16,6.9], if (4) or (7) holds and X is one-dimensional, then X is a dendroid. It 
is known that 2x admits a selection if and only if X is an arc [14, Theorem 11, that 
if C(X) admits a selection, then X is a dendroid [17, Lemma 31, and that if X is 
a smooth dendroid, then C(X) admits a selection [17, Theorem 11. However, the 
problem of classifying the dendroids which admit a selection has not been resolved 
(for some partial results, see [3] and [15]). 
In Section 2 we will show that if X locally connected, then each of (l), (2) and 
(3) holds, and each of (4) through (9) is equivalent to the statement that X is an 
absolute retract. Thus, the questions of when (1) through (9) hold are completely 
resolved in the case that X is locally connected. We will show that (3) holds if and 
only if X is locally connected and that (6) holds if and only if X is an absolute 
retract. Thus, (3) and (6) never hold in the case that X is not locally connected. 
We will determine some conditions under which (5) and (9) hold, and we will give 
several examples, including an example to show that (l)+(Z) and (4)+(5). In 
Section 3 we present an example which answers several questions in [ 121 and which 
involves the construction of a strong deformation retraction from C(X) onto F,(X) 
for a non-contractible dendroid X. The motivation for this example will be discussed 
in Section 3. 
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The symbol I will denote the closed unit interval of real numbers, the symbol 
Z+ will denote the set of positive integers, the symbol Q will denote the Hilbert 
cube, and the symbol = will mean ‘is homeomorphic to’. If X is a continuum, then 
d will denote the metric on X and p will denote the Hausdorff metric on 2x. If 
PEX and AcX, then 2,x= {BE~~I~EB} and C(A,X)={BEC(X)~A~I?}. Let 
%‘= 2x or C(X). By a deformation of 2 we mean a mapping h: XX I + X such 
thatforeachAE~,h(A,l)=A.Letd={h(A,O)(AE~}.Ifthemappingh,:~e-,~ 
defined by h,(A) = h(A, 0) is a retraction from R onto &, then h is a deformation 
retraction from 2 onto ~4 If h is a deformation retraction from %’ onto ti such that 
for each A E ti and each s E I, h(A, s) = A, then h is a strong deformation retraction 
from X onto ~4. We refer the reader to [ 161 for basic information about hyperspace 
theory. The author wishes to thank Professsor Sam B. Nadler, Jr., for several 
suggestions concerning the content of this paper. 
2. Results, examples and questions 
We begin with a lemma which will be applied several times in this paper. 
2.1. Lemma. Let X be a non-locally connected continuum, let p E X such that X is not 
connected im kleinen at p, and let ti c C(X) such that {p} E c9p Then there does not 
exist a deformation h of 2x onto zz2 such that for each s E I, h({p}, s) = {p}. 
Proof. By [18, p. 181, there is a neighborhood U of p and a sequence {K,}F=‘=, of 
distinct components of u (the closure of U) converging to a continuum Kc u 
such that p E K and such that for each n, K, n K = 0. Let {p,}z=l be a sequence in 
u such that p,, + p and such that for each n, p,, E K,. Suppose that h: 2x x I + 2x is 
a deformation from 2x onto & such that for each s E I, h({ p}, s) = {p}. Choose 
E>O such that V={xEX(d(p,x)<e}c U and let “Ir,={A~2~Ip(A,{p})<s}. 
Then there exists S > 0 such that if A E 2x and p(A, {p}) < 6, then for each s E I, 
p(h(A,s), h({p},s))=p(h(A,s),{p})<e. For each nE.Z+, let A,={p,,p}. Then 
there exists n, E Z+ such that n 2 n, implies p(A,, {p}) < 6. Choose n 2 n,. Then 
{h(A,, s) 1 s E I} is a connected subset of “Ir, joining h(A,, 0) E C(X) and h(A,, 1) = 
A,. BY 113,1.21, U{h(A,, s)lsN is a connected subset of X. Since 
A,,cU{h(A,,s)/sEI}c Vc U and since A,, n K, # 0 and A,, n K # 0, it follows 
that K, and K are not distinct components of a We conclude that there does not 
exist a deformation h of 2x onto & such that for each s E I, h({p}, s) = {p}. q 
2.2. Theorem. Let X be a continuum. Then C(X) is a strong deformation retract of 
2x tf and only if X is locally connected. 
Proof. If X is not locally connected, then it follows from Lemma 2.1 that there 
does not exist a strong deformation retraction from 2x onto C(X). 
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If X is locally connected, let p, oP and K, be as in [16,6.12]. It is easy to verify 
that the function h: 2x x I + 2x defined by 
h(A, s) = &((I - s)a,(A), A) 
is a strong deformation retraction from 2x onto C(X). 0 
2.3. Corollary. Let be a locally connected continuum. Then each of statements (l), 
(2) and (3) holds. 
If X is a continuum and A is a closed subset of X, then A is said to be a Z-set 
in X [2, p. 21 provided that for each E > 0 there exists a continuous function 
fE : X + X -A such that f is within E of the identity mapping on X. 
2.4. Lemma. Let X be a continuum such that 2x and C(X) are contractible. Then 
F,(X) is a Z-set in 2x and F,(X) is a Z-set in C(X). 
Proof. Let %= 2x or C(X). It follows from the proof of [13,3.1] that there exists 
a homotopy h:%x1+%‘such that for each AE~, h(A,O)=A, h(A,l)=X, and 
h(A, sl) c h(A, s2) whenever si, SUE I and s, s s2. Thus, for each A G x, {h(A, s) (s E 
I} is an order arc in 2 (see [16,1.4]). Let w be any Whitney map for 5%’ (see Section 
3 for definition). Define g: XX I+ 2C by letting g(A, t) denote the unique element 
of {h(A,s)lsEI} such that o(g(A, t))=w(A)+t(w(X)-w(A)). It is easy to 
show that g is continuous. If t > 0, then the mapping g, : X+ 2’ defined by g,(A) = 
g(A, t) takes % into %!- F,(X), and if t is near zero, then g, is near the identity 
on ,3K Hence, F,(X) is a Z-set in 5% 0 
2.5. Theorem. Let X be a locally connected continuum. Then each of statements (6) 
and (9) is equivalent to the statement that X is an absolute retract. 
Proof. Since X is locally connected, 2x and C(X) are absolute retracts [19]. Hence, 
each of (6) and (9) implies that X is an absolute retract. If X is an absolute retract, 
then, by [2, 44.1 and 22.11, X x Q = Q. Let qoE Q. Since {qO} is a Z-set in Q, it 
follows that X x { qO} is a Z-set in X x Q, and since {qO} is a strong deformation 
retract of Q, it follows that X x {qO} is a strong deformation retract of X X Q. Let 
h: (X x Q) x I + X x Q be a strong deformation retraction from X X Q onto X X {qO}. 
By Lemma 2.4, F,(X) is a Z-set in 2x, and by the well-known result of Curtis and 
Schori [7], 2x = Q. Let f: F,(X)+ X x{qO} be the homeomorphism defined by 
f({x}) = (x, qO). By Anderson’s homeomorphism extension theorem [ 11, f can be 
extended to a homeomorphism f: 2x + X x Q. It follows that the function H: 2x X 
I +2x defined by 
H(A, s) =?-‘(K?(A), s)) 
is a strong deformation retraction from 2x onto F,(X). Thus, (6) holds. Since C(X) 
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is an absolute retract, there exists a retraction r: 2x + C(X). It follows that the 
mapping r 0 H: C(X) x I+ C(X) is a strong deformation retraction from C(X) 
onto F,(X). Thus, (9) holds. 0 
2.6. Corollary, Let X be a locally connected continuum. Then each of statements (4) 
through (9) is equivalent to the statement that X is an absolute retract. 
Proof. Use [16,6.4] and Theorem 2.5. 0 
2.7. Corollary. Let X be a continuum. Then F,(X) is a strong deformation retract of 
2x if and only if X is an absolute retract. 
Proof. If F,(X) is a strong deformation retract of 2x, then it follows from Lemma 
2.1 that X is locally connected. Now use Theorem 2.5. 0 
A dendroid is an arcwise connected, hereditarily unicoherent continuum, and a 
dendrite is a locally connected dendroid (equivalently, a dendrite is a one- 
dimensional absolute retract). 
2.8. Corollary. Let X be a locally connected, one-dimensional continuum. Then state- 
ments (7), (8) and (9) and the following statements are all equivalent: 
(i) C(X) admits a selection. 
(ii) X is a dendrite. 
Proof. Use [16,5.9] and Corollary 2.6. 0 
If X is a dendroid and x, y E X, then [x, y] will denote the unique arc in X from 
x to y. Let X be a dendroid and p E X. Then X is smooth at p [5] provided that 
whenever {x,}z=, is a sequence in X such that x, -+x, then the sequence {[p, x,]}~=~ 
in C(X) converges to [p, x]. A fan [4] is a dendroid which contains exactly one 
ramification point (the common part of three otherwise disjoint arcs). A smooth fan 
[4] is a fan which is smooth at its ramification point. Our next result is a generalization 
of [lo, Corollary I]. 
2.9. Theorem. Let X be a smooth fan. Then F,(X) is a deformation retract of 2x. 
Proof. Let C denote the Cantor set embedded in the usual way in I. We will describe 
the Cantor fan Y in terms of polar coordinates. For each 0 E C, let LO = {(r, 0) ( r E I}, 
and let Y = U {L, 113 E C}. Let p = (0,O). Define mappings rmin, 0min :2y - 2,’ + I by 
rmi,(A) = min{r 1 (r, 0) E A} and O,,,(A) = min{ 8 1 (r, 0) E A}. 
Let X be a smooth fan. By [8], we may regard X as a subcontinuum of Y If p cf X, 
then X is an arc, and it follows from Corollary 2.6, that F,(X) is a deformation 
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retract of 2x. Suppose that p E X. Define R: 2x + F,( Y) by 
R(A) = 
{Pl ifAE2:, 
{(r,i,(A)v e,,“(A))) if AE 2x -2;. 
It is clear that if AE F,(X), then R(A) = A. If AE 2; and {A,,}~==, is a sequence in 
2x -2: such that A,+A, then rmin(An)+O. Thus, R(A,)+{p}= R(A). Hence, R 
is continuous. Let A E 2x - 2:. Then there exists r, E (0, l] such that (r,,, e,,“(A)) E A. 
Thus, {(r, e,,,(A)) ) 0 s r c ro} c X. Since r,i,(A) s r,, it follows that 
{( rmin( A), emin( A))} E F,(X). Therefore, R is a retraction from 2x onto F1 (X). Since 
X is contractible, 2x is contractible [ 16, 16.81. It follows that F,(X) is a deformation 
retract of 2x. 0 
2.10. Proposition. There exist non-locally connected continua in all dimensions such 
that F,(X) is a deformation retract of 2x. 
Proof. Let X1 be an absolute retract and let xi E X,. Let X, be a smooth fan with 
ramification point p. Let X be the quotient space of the disjoint union of X, and 
Xz obtained by identifying x, and p. By [16,6.4], there exists a retraction r, from 
2x1 onto F,( X,), and by Theorem 2.9, there exists a retraction rz from 2x2 onto F,( X,) 
such that for each A E 22, r2(A) = {p}. Define r: 2% + F,(X) by 
( 
r,(A) if A E 2x1, 
r(A) = r,(A) if A E 2xz, 
r,((AnX,)u{p}) ifAE2X -(2x~u2x~). 
It is easy to verify that r is a retraction from 2x onto F,(X). Since X is contractible, 
2x is contractible [ 16, 16.81. It follows that F,(X) is a deformation retract of 2x. 0 
If X is the continuum in [lo], then C(X) is a deformation retract of 2x, since 
C(X) is a retract of 2x and 2x is contractible. If X is any smooth fan, then, by 
Theorem 2.9, F,(X) is a deformation retract of 2x. We now give an example of a 
continuum X such that C(X) is a retract of 2x but C(X) is not a deformation 
retract of 2x and such that F,(X) is a retract of 2x but F,(X) is not a deformation 
retract of 2x. We observe that any continuum with these properties must be non- 
locally connected (by Corollaries 2.3 and 2.6) and non-contractible (see [16,16.8]). 
2.11. Example. Let X, p, Lo, rmin, 8,,,, f, h,, h2 and R be as defined in [lo]. Let 
X1 = {(2-x, -y) 1(x, y) E X}, let H: X+ X1 be the homeomorphism defined by 
H(x, y) = (2 -x, -y), let 8: 2x + 2x 1 be the induced homeomorphism, and let X2 = 
XuX,. Define the mapping g,:2x-2f+C(X) by 
g,(A) = {(r, 0) / r,dA) c r=s 1). 
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Define the mapping /3: (2x - (2: u 2Lo)) x I + C(X) by 
1 
hr(g,(A), 3s) ifs E [0, f], 
/3(A, s) = Lou h,(A, 3s- 1) ifs E [f, $1, 
f(A u {(I, 0))) ifs E [$, 11. 
Define J: 2x + C(X) by 
J(A)= 
f(Au{(I,O))) 
1 
if A E 2,” u 2Ltl, 
@(A, min{e,,,(A)/r,,,(A), 1)) if AE 2x -(2,x ~2~~). 
The proof that J is continuous is similar to the proof in Theorem 1 of [lo] that R 
is continuous. We observe that for each AE 2x, (1,O) EJ(A). Define mappings 
R,,J,:2X~+ C(X,) by 
R,(A) = ii(R(&‘(A))) and J,(A) = i?(J(k’(A))). 
Define R,:2X2+ C(X,) by 
R(A) if A E 2”, 
R,(A) = 
( 
R,(A) if A E 2x~, 
J(AnX)uJ,(AnX,) ifAE2XZ-(2Xu2X1). 
It is easy to verify from the formulas that if A E 2x and (1,0) E A, then R(A) = J(A). 
If A E 2x and {A,}:=, is a sequence in 2xz - (2” u 2x~) such that A,, + A, then 
(1,0)~A and A,nX,+{(l,O)}. Thus, R,(A,)+J(AnX)uJ,(AnX,)= R(A)u 
{( 1,O)) = R(A) = R,(A). The remaining details in the proof that R2 is continuous 
are straightforward. Let AE C(X,). Clearly, if AE C(X) or if AE C(X,), then 
R,(A)=A. Suppose that AEC(X,)-(C(X)uC(X,)). Then (1,0)~A. It follows 
thatAnXE2pX~2~“.Hence,J(AnX)=f((AnX)u{(l,O)})=f(AnX)=AnX. 
Similarly, J,(A n X,) = An X,. Thus, R,(A) = (An X) u (An X,) = A. It follows 
that R, is a retraction from 2x2 onto C(X,). 
By [3, Proposition 31, there exists a selection on C(X,). Hence, F,(X,) is a retract 
of C(X,). Since C(X,) is a retract of 2xz, it follows that F,(X,) is a retract of 2xz. 
It is easy to see that if h: 2xz x I+ 2xz is a deformation, then for each s E Z, 
h({(l, 0)}, s) = {(l, 0)). It follows from Lemma 2.1 that C(X,) is not a deformation 
retract of 2xz and that F,(X,) is not a deformation retract of 2xz. 
In the preceding example we showed that F,(X,) was a retract of 2x2 by first 
retracting 2xz onto C(X,) and then retracting C(X,) onto F,(X,). Our next example 
shows that it is possible for F,(X) to be a retract of 2x when C(X) is not a retract 
of 2x. 
2.12. Example. Let X be the continuum in [ll]. Then C(X) is not a retract of 2x. 
Since X is a smooth dendroid, F,(X) is a retract of C(X) [17, Theorem 11. We 
will show that there is a retraction r from 2x onto F,(X). 
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Let X, = {(x, y, z) E X j x 2 0) and let X, = {(x, y, z) E X 1 x s 0). Then X, and X, 
are homeomorphic smooth fans. Let X,=X,nX,={(x,y,z)EXIx=O}. By 
Theorem 2.9, there exists a retraction r, : 2x I-+ F,(X,). It follows from the proof of 
Theorem 2.9 that we may assume that r, has the following property: 
(*) if AE~~I and AnX,#0, then ~,(A)EF,(X,). 
Let g: X + X, be the mapping defined by 
dx, Y, z) = 1 (4 Y, z) if (x, Y, z) E X1, (-x,y,z) if(x,,v,z)E&, 
and let g: 2x + 2x~ be the induced mapping. Let h = glx2 and let h^: 2xz + 2x~ be the 
induced homeomorphism. Define r2: 2x2+ F,(X,) by 
r,(A) = k’(r,(&(A))). 
Then r2 is a retraction and it follows from (*) that r, and r2 agree on 2T). Define 
r:2X + F,(X) by 
1 
r,(A) if AE 2x~, 
r(A) = r2(A) if A E 2x2, 
r,(g(A)) if AE 2x - (2x~ u 2x2). 
We observe that r is continuous on each piece of its domain, that r(A) = A for each 
AE F,(X), and that the formulas for r agree on 2x~ n 2x2 = 2%~. Let A E 2x~u 2xz 
and let {A,}:=, be a sequence in 2x -(2x 1 u 2xz) such that A,, + A. If A E 2x~, then 
i(A) = A, so r,(g^(A,)) + r,(g(A)) = r,(A). Suppose that A E 2x2. Since A,, n X, Z fd 
for each n and since A,, + A E 2x2, it follows that An X, # 0. Thus, i(A) n X, # 0. 
Therefore, by (*), r,(fi(A))E F,(X,,). S o r*(A) = k’(r,(fi(A))) = r,(i(A)). Since 
A E 2x2, c(A) = i(A), and it follows that r,(i(A,))-+ r,(g(A)) = r-,(&(A)) = r,(A). 
Hence, r is continuous. Therefore, r is a retraction from 2x onto F,(X). 
We observed in the introduction that if X is one-dimensional and F,(X) is a 
retract of 2x or of C(X), then X is a dendroid. We now give an example of a 
dendroid X such that F,(X) is not a retract of 2x or of C(X). 
2.13. Example. Let X be the continuum in [17, Theorem 21 and [16, (5.10)]. Then 
X is a dendroid such that C(X) does not admit a selection. The proof in [ 16, (5. IO)] 
that C(X) does not admit a selection uses the fact that C(X) is contractible; 
however, the argument given to show that C(X) is contractible is not correct, since 
X does not have the property defined in [13,3.2] (this error was first observed by 
the author of [ 161). We will outline a proof that C(X) is contractible. Let p = (-1,0) 
and q = (l,O). It follows from the proof in [9, Example 4.41 that C({p}, X)u 
C({q}, X) is a Hilbert cube. As noted in [9, Example 4.41, it is then possible to 
build a full geometric model of C(X), from which it can easily be deduced that 
C(X) is contractible. It is also easy to show directly that there is a deformation 
retraction from C(X) onto C({p}, X) u C({q}, X). Hence, C(X) is contractible. 
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Thus, by [13,3.1], 2x is contractible. Since X is not contractible, it follows that 
F,(X) is not a retract of 2x or of C(X). 
2.14. Proposition. Let X be a smooth dendroid. Then F,(X) is a strong deformation 
retract of C(X). 
Proof. The mapping h: C(X) x I+ C(X) constructed in [12,2.17] is a strong defor- 
mation retraction of C(X) onto F,(X). 0 
If X is a smooth dendroid and h is the mapping in Proposition 2.14, then the 
mapping g: C(X) + X defined by letting g(A) denote the unique element of h(A, 0) 
is identical with the selection z: C(X)+ X defined in [17, Theorem 11. Thus, h may 
be viewed as an extension of the mapping z: C(X) = C(X) x(O)+ X z F,(X) to a 
mapping from C(X) Xl onto C(X). 
2.15. Proposition. There exist non-locally connected continua in all dimensions such 
that F,(X) is a strong deformation retract of C(X). 
Proof. Let Xi, X, and X be as in Proposition 2.10. By Theorem 2.5, there exists a 
strong deformation retraction h, from C(X,) onto F,(X,), and by Proposition 2.14, 
there exists a strong deformation retraction h2 from C(X,) onto F,(X,) such that 
for each A E C({p}, X,), h,(A, 0) = {p}. Define h: C(X) x I+ C(X) as follows: 
h,(A, 2s) 
h,(A, 1) 
ifAEC(X,)and SE[O,$], 
if AE C(X,) and SE& 11, 
h(A, s) = 
hz(A, 0) if AE C(X,) and SE[O,$], 
h,(A, 2s - 1) if A E C(X,) and s E [$, 11, 
h,(A n Xi, 2s) if AE C({p}, X) and SE[O,& 
(AnX,)uh,(AnX,,2s-1) ifAE C({p},X) and SE[~, 11. 
It is easy to verify that h is a strong deformation retraction from C(X) onto 
F,(X). 0 
We conclude this section by posing some questions. 
2.16. Question (see Theorem 2.9 and Example 2.12). Let X be a smooth dendroid. 
Is F,(X) a retract of 2x? 
2.17. Questions. In the case that X is not locally connected, it is natural to ask 
whether any of statements (l), (2), (4), (5), (7), (8) and (9) imply any of the others 
(recall that, by Theorem 2.2 and Corollary 2.7, (3) and (6) never hold in the case 
that X is not locally connected). We summarize what is known and what is not 
known by Table 1 (each entry in the table refers to the question of whether the 
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Table 1 
* (1) 
(1) yes 
(2) yes 
(4) II0 
(5) IlO 
(7) n0 
(8) n0 
(9) IlO 
(2) 
no 
yes 
no 
no 
“0 
“0 
“0 
(4) 
no 
no 
yes 
yes 
? 
? 
? 
(5) 
no 
“0 
no 
yes 
no 
no 
ll0 
(7) (8) (9) 
“0 no no 
“o IlO no 
yes ? ? 
yes ? ? 
yes ? 
? 
yes yes ? 
yes yes yes 
statement in the column of the left implies the statement in the row at the top). In 
each case in which the implication does not hold, Example 2.11 and 3.1, Example 
2.12, or the example in [6] concerning the half-line spiral on a circle can be used 
as a counterexample. The question of whether (7) implies (4) is part of the question 
in [16,6.28]. The questions of whether (7) implies (8) and whether (8) implies (9) 
seem to be particularly interesting (see Corollary 2.6, Proposition 2.14 and Example 
3.1). In this connection, we also ask the following question (see Corollary 2.8): If 
X is a dendroid, are there any equivalences among statements (7), (8) and (9), and 
the statement that C(X) admits a selection? 
3. Admissible Whitney maps and non-contractiblity 
Let R= 2x or C(X). A Whitney map for SY is a continuous function w: Z+ [0, co) 
such that for each x E X, w({x}) = 0, and such that if A, BE SY, A c B and A f B, 
then w(A) <w(B). If t E (0, w(X)), then w-‘(t) is called a positive Whitney level. 
A Whitney map w for SV is said to be an admissible Whitney map for Z [12,2.1] 
provided that there is a (continuous) homotopy h: SYx[O, l] + %! satisfying the 
following two conditions: 
(i) for each AE 2, h(A, 1) = A and h(A, 0) E F,(X); 
(ii) if w(h(A, t))>O for some AE~! and tE[O,l], then w(h(A,s))< 
w(h(A, t)) whenever 0~ s < t. 
A homotopy h: Z x [0, l] -+ SY satisfying (i) and (ii) is called an w-admissible deforma- 
tion for 2. 
The notion of an admissible Whitney map was used in [12] to show that for 
certain locally connected continua there exists a Whitney map for SY such that each 
positive Whitney level in SY’ is a Hilbert cube (see [12; 4.1, 4.2, 4.6 and 4.81). It was 
shown in [12,2.5] that if X is a locally connected continuum and there exists an 
admissible Whitney map for %‘, then X must be contractible, and it was asked in 
[12,4.14] if this result holds without the assumption that X is locally connected. 
We will show in Example 3.1 that there exists a non-locally connected, non- 
contractible dendroid D such that every Whitney map for C(D) is admissible and 
such that no Whitney map for 2 D is admissible. Thus, we obtain negative answers 
to the last two questions in [12,4.13] and the second question in [12,4.14]. The 
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deformation constructed in Example 3.1 is a strong deformation retraction from 
C(D) onto F,(D) which may be viewed as an extension of the selection (T : C(D) + D 
defined in [3, Proposition 31. The continuum D is homeomorphic to the continuum 
X, in Example 2.11. However, it will be convenient to use the notation from [3, 
Proposition 31. 
3.1. Example. Let D and u be as in [3, Proposition 31 and let 6 : C(D) X (0) + F,(D) 
be the mapping defined by &(A, 0) = {v(A)}. Let p be any Whitney map for C(D). 
We will show that 6 can be extended to a strong deformation retraction h from 
C(D) onto F,(D) in such a way that h is also a p-admissible deformation for 
C(D). Our approach is to describe, for each A E C(D), an order arc & from {v(A)} 
to A such that the induced function J: C(D) + C( C(D)) defined by J(A) = ti is 
continuous. We then use the Whitney map p to parameterize the family of order arcs. 
If d,, d, E 0, we let [d,, d2] denote the unique arc in D joining d, and d,. Observe 
that 
C(D)=C(Tu T’)uC({(O, l)}, D,u T’)uC({(O, -l)}, L&u T) 
u C(Tu T’, D)u fi C(A,)u C(A;) 
n=O 
If A E C( T u T’), we let y,(A) and y2(A) denote the second coordinates of the 
lower and upper endpoints of A, respectively. Define a mapping k : C( T u T’) x I + 
C( Tu T’) as follows: 
‘A if y,(A) = R(A), 
[(O, y,(A)), (0, y,(A) + h(A) - y,(A)))l, if ~(4 < ~~(4 s 0, 
VA, s) = I [CO, x(A)+ Cl- s)(Yz(A) - y,(A))), (0, ~z(A))lr ifOG x(A) < Ye, 
I E(f), y,(A)+(l -~hz(A)), (0, (1 -s)r,(N+dA))l, if ~(4 < 0 < YAA). 
Then for each AeC(TuT’), {k(A,s)lsEI} is an order arc in C( Tu T’) from 
{a(A)} to A. Define h: C(Tu T’) xl+ C(Tu T’) by letting h(A, T) denote the 
unique element of {k(A,s)[sEI} such that p(h(A,t))=tp(A). 
Now let A E C({(O, l)}, D, u T’). Then for each s E 1, let 
An(Tu T’) ifs=O, 
j(A, s) = 
{((i(i+l)s-i)x,(i(i+l)s-i)(y-l)+l)I(x,y)EAnA,) 
u(An(Tu T’)) 
\ if l/(i+l)Ss G l/i for some positive integer i. 
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Then for each A E C({(O, l)}, D, u T’), j is continuous as a mapping from {A} x Z + 
C(D) and {j(A, S)(SE I} is an order arc (by [16, 1.41) in C(((0, l)}, D, u T’) from 
An (T u T’) to A (which collapses, in sequence, each of the ‘stickers’ to the right 
of the y-axis); furthermore, the function J: C(((0, l)}, Dr u T’) + C(C(D)) defined 
by J(A) = {j(A, S) (S E Z} is continuous. Define h: C({(O, l)}, D, u T’) x I + 
C({(O, l)}, D, u T’) by letting h(A, t) denote the unique element of 
{k(An(TuT’),s)lsEZ}u{j(A,s)(sEZ) 
such that p(h(A, t)) = +(A). If (A, t) E C({(O, -l)}, D,u T) X Z, we define j(A, t) 
and h(A, t) in the symmetric fashion. If (A, t) E C( Tu T’, D) x Z, we let h(A, t) 
denote the unique element of { k( T u T’, s) ) s E Z} u { j(A n (D, u T’), S) u j(A n 
(D,uT),s)ls~Z} such that p(h(A, t))=tp(A). If (A,~)EC(A,)XZ for some n, 
then there is a unique order arc in C(A,) from {a(A)} to A. Let h(A, t) denote the 
unique element of this order arc such that p( h(A, t)) = +(A). If (A, t) E C(A’,) x Z 
for some n, we define h(A, t) in the symmetric fashion. 
We have now defined h on all of C(D) x 1. The continuity of h can be verified 
in a straightforward manner (the key to the continuity of h is that the ‘motion’ 
induced by j does not disturb the ‘motion’ already defined on C( T u T’) x I). It 
follows easily that h is a strong deformation retraction of C(D) onto F,(D), and 
it is clear from the way h is defined that h satisfies (1) and (2) of [12,2.1]. Thus, 
h is a p-admissible deformation for C(D) and p is an admissible Whitney map 
for C(D) (see [12,4.14]). 
As observed in Example 2.11, if F:2° x Z-+2 L, is a deformation, then for each 
s E Z, F(((0, 0)}, S) = {(O,O)}. It follows from Lemma 2.1 that there does not exist a 
deformation from 2” onto F,(D). Hence, there does not exist an admissible Whitney 
map for 2D (see the last two questions in [12,4.13]). 
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